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Some N ew  E xp erim en ts  on Buckling of 
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T h e first  se c tio n  o f  th is  p a p e r  d e sc r ib e s  a  se r ie s  o f  t e s t s  
o f  th e  s tre n g th  o f  th in -w a lled  cy lin d e rs  u n d e r  a  c o m b in a ­
tio n  o f  to rs io n  an d  ax ia l c o m p re ss io n  o r te n s io n . C u rv es 
a re  o b ta in e d  sh o w in g  th e  s tr e n g th  o f  e a c h  o f  th e  severa l 
ty p es  o f  cy lin d e rs  te s te d , u n d e r  a l l  p o ss ib le  c o m b in a t io n s  
o f  th e se  lo a d s . A ll th e  cu rv es o b ta in e d  se e m  to  h ave  th e  
sa m e  ge n e ra l fo rm  a n d  th e  r e s u lt s  su g g e st  th e  p o ss ib ility  
o f  fin d in g  a  s im p le  law  by  m e a n s  o f  w h ich  a  d e s ig n e r  co u ld  
d e term in e  th e  b u c k lin g  s tr e n g th  o f  a  s t r u c tu r e  u n d e r  a n y  
c o m b in a t io n  o f  sh e a r  a n d  n o rm a l s tr e s s ,  i f  he k n o w s i t s  
s tr e n g th  u n d e r  p u re  sh e a r  a n d  u n d e r  p u re  co m p re ssiv e  
s tre ss .
T h e secon d  se c tio n  d e sc r ib e s  t e s t s  m a d e  to  in v e s t ig a te  
th e  in d ep en d en ce  o f  d iffe ren t p o ss ib le  ty p e s  o f  b u c k lin g  
o f  a  s tr u c tu r e . A se t  o f  L - se c t io n  s t r u t s ,  id e n tic a l  excep t 
fo r th e  w id th s  o f  th e  s id e s, w ere te s te d  in  c o m p re ss io n . 
W ith sm a ll  w id th s  th e  s t r u t s  b u ck le  a s  E u le r  c o lu m n s  
b u t  w ith  th e  w ider w id th s  b u c k lin g  o f  th e  s id e s, a s  p la te s  
h in ged  o n  th ree  ed ges, o c c u rs  f ir s t . G r e a t  care  w as ta k e n  
to  e lim in a te  th e  effect o f  in it ia l  e c c e n tr ic it ie s . T h e  
re su lt s  ch eck  th e  w ell-k n ow n  th e o r ie s  fo r th e se  tw o  ty p e s  
o f  b u c k lin g  a n d  in d ic a te  t h a t ,  fo r  p r a c t ic a l  p u rp o se s , th e  
tw o ty p e s  c a n  be c o n sid ered  in d e p e n d e n tly  o f  e ac h  o th e r . 
T h e  re su lt s  a lso  i l lu s tr a te  how  e n o rm o u sly  th e  s tr e n g th -  
w eigh t ra tio  o f  th in  w all c o n stru c t io n  m a y  b e  a ffe c te d  by 
d e ta ils  o f  d e sign .
I —ST R E N G T H  T EST S ON T H IN -W A L L E D  C Y L IN D E R S
THE stresses produced by the loads in the skin of monocoque construction are usually combinations of compression or tension in one direction, with shear in the same and per­pendicular directions. Much theoretical and experimental in­
formation is available to the designer on the behavior of thin 
sheets under compression or tension alone, or under shear alone, 
but nothing seems to be known about their behavior under com­
binations of these stresses.
The general nature of the behavior of thin sheet construction 
under such combination loadings can be predicted by some very
1 The tests  described in  th is  paper were m ade a t  th e  Guggenheim 
Aeronautical L aboratory  of th e  C alifornia In stitu te  of Technology. 
The authors have been assigned to  th e  In s titu te  by  th e  N avy  De­
partm ent for graduate work in  aeronautics, and th is work represents 
p art of the requirem ents for th e  M aster's Degree. T he first section 
is by L ieutenant Bridget and the second by  L ieutenants Jerom e and 
Vosseller. The authors wish to  th an k  Dr. T h. von K arm an, director 
of the Guggenheim L aboratory  of the In stitu te , for th e  opportunity  
for m aking these researches. The researches were suggested by and 
carried out under the direction of D r. L. H . Donnell. Acknowledg­
m ent is also due to  L. Secretan, who cooperated in the first research, 
also to  Dr. A. L. K lein and  E. E . Sechler (all of the staff of the 
Institu te) for num erous helpful suggestions.
J L ieutenant, U. S. N avy. F . J . B ridget was g raduated  from U. S. 
Naval Academy in 1921 and  served seven years on sea d u ty  in  the fleet 
with gunnery duties. H ecom pleted flight train ing in 1929 atPensacola, 
Florida, served in  a fighting squadron attached  to  th e  U. S. S. Lexing­
ton in 1929 and 1930, and on inspection d u ty  of naval aircraft in  1931. 
He attended P ost G raduate School, U. S. N aval Academy in 1932, 
and upon completion was assigned to  d u ty  a t  th e  C alifornia In ­
s titu te  of Technology for postgraduate work in  Aeronautical E n ­
gineering.
simple reasoning. Let a and r be the normal and shear stresses 
produced in the wall, and a0 and r0 the values of these stresses 
when failure occurs under pure axial compression or tension, 
and under pure torsion, respectively. Then by plotting <r/<r0 
against r / r 0 a curve is obtained, passing through the points 
0-1 and 1-0, and showing how failure occurs under all possible 
combinations of these two types of stresses. This curve ob­
viously must be symmetrical about the <r/o-0 axis, as a change in 
the sign of the shear (for a symmetrical structure) can make no 
difference. Hence the curve must be perpendicular to the o-/<r0 
axis where it crosses it, as it is certainly continuous at this point. 
On the other hand the curve will not be symmetrical about the 
t / t o  axis, but must cross it at some angle as shown in Fig. 1(a),
where n is greater than 1. Of course n should be an even number 
to satisfy the condition of symmetry about the <t/(tq axis, but this 
relation can be used as an empirical formula with any value 
greater than 1 for n, provided r / r 0 is always considered positive.
3 F irs t L ieutenant, U. S. M arine Corps. C. C. Jerom e was g raduated  
from U. S. N aval Academy in 1922 and was w ith  various M arine 
In fan try  units from 1922 to  1924. H e served on aviation  d u ty  with 
the M arine A viation in U nited  States, China, Phillipines, G uam , 
and N icaragua, from  1924 to  1932. H e was assigned to du ty  a t  the 
California In stitu te  of Technology for postgraduate work in  Aero­
nautical Engineering in  1933.
4 L ieutenant, U. S. N avy. A. B. Vosseller was g raduated  from  U. S. 
N aval Academy in  1924 and served in various ships of th e  fleet and 
on the staffs of C om m ander B attleships and Com m ander D estroyers, 
B attle  Force, un til assignm ent to  aviation  du ty  in  1930. Upon 
completion of flight train ing he served in th e  fighting squadron 
a ttached  to  th e  U. S. S. Lexington. H e attend ed  P ost G raduate  
School U. S. N aval Academy in 1932, and upon com pletion was 
assigned to  d u ty  a t  th e  California In stitu te  of Technology for post­
graduate work in  A eronautical Engineering.
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N o te :  Statem ents and  opinions advanced in papers are to  be 
understood as individual expressions of their authors, and no t those 
of th e  Society.
as compression will obviously decrease and tension increase the 
shear which the structure can take before buckling. This im­
mediately suggests some kind of parabolic or power relation as 
in Fig. 1(6), with an equation:
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This reasoning is perfectly general, applying to the stability of 
any type of symmetrical structure.
To get some experimental information on this subject, several 
series of similar thin-walled cylinders have been tested to failure 
under various combinations of torsion and axial compression or 
tension. In the most complete of these series (Series G), about 
forty cylinders made as nearly identical as possible, were tested. 
Fig. 2 shows for this series, the experimental values obtained 
for <r/<r0 and t / t 0  plotted against each other. I t  obviously makes 
no difference whether a, t ,  <t 0 ,  t o  are defined as above, or if a 
and r are taken to mean the total axial load and torsional moment 
and ao and to the values of these loads when failure occurs under 
pure axial compression or tension and under pure torsion, re­
spectively. I t  seemed to make no difference in what order the 
loads were applied; that is, whether a fixed amount of torsion 
was applied first and the axial load increased until failure oc­
curred, or vice versa.
The full line in Fig. 2 is a cubic parabola, which is the curve 
given by Equation 1 when n equals 3. This curve seems to fit
the points reasonably well. More definite information as to the 
nature of the relation given by these experiments is obtained by 
plotting 1 — <r/o-0 against t / t o  on double logarithmic paper, as 
has been done in Fig. 3 for Series G. I t will be seen that the ex­
perimental points lie close to a straight line, which proves the 
validity of Equation 1 as an empirical formula for this case.
F i g .  3 C u r v e  i n  F i g .  2 P l o t t e d  o n  L o g a r i t h m i c  C o o r d i n a t e s
F i g . 2  B u c k l in g  o p  C y l in d e r s  U n d e r  C o m b in e d  T o r s io n  a n d  
C o m p r e s s i o n  o r  T e n s io n
^E xperim ental — - -  curve for “ G ” -ty p e  cylinders.)<ro TO
F i g . 4  B u c k l in g  o f  C y l in d e r s  U n d e r  C o m b in e d  T o r s io n  a n d  
C o m p r e s s i o n  o r  T e n s io n
(E x p e r im e n ta l---- --- re su lts  for all series of cylinders tested .)«T0 TO
The slope of this straight line gives the value of n which, when 
substituted in Equation 1 will give the best empirical relation to 
fit these experiments. A determination of this slope by eye or 
the method of least squares gives a value of about 3.3 for n.
The lower portion of the curve in Fig. 2, shown dotted, ob­
viously represents stress combinations for which some portion
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of the cylinder has reached the elastic limit. The lowest point 
on the curve represents a pure tension test. Most practical 
applications do not fall within this region and no particular 
study has been made of this portion of the curve. Designers 
will realize, of course, that the relation given by Equation 1 
can hold only when the principal stresses as given by elementary 
mechanics are within the elastic limit, or, according to the maxi­
mum shear theory, when the algebraic difference between these 
principal stresses is less than the elastic limit stress.
Six other less complete series of tests have been made, each 
series on a radically different type of cylinder. These tests 
were made with torsion and axial compression only, and with a 
much smaller number of cylinders. The results are shown in 
Fig. 4. Fig. 5 (a to /)  shows the results plotted on double loga­
rithmic paper for series A to F, inclusive.
These results are similar to those from the 
group of tests described above. The 
value of n  appears to be different for 
each type of cylinder, the values obtained 
ranging from about 1.0 to 4.25 and ap­
parently indicating that n is a function 
of the dimensions or material of the cyl­
inder. Some of the sets of results, when 
plotted on logarithmic paper, do not 
seem to give a straight line, apparently 
indicating that Equation 1 is not exactly 
suitable as an empirical relation for 
these cases. However, the number of 
points is so few and the unavoidable 
experimental scatter so great, that noth­
ing definite can be said on any of these 
questions. The results do indicate, how­
ever, that the general empirical relation 
given by Equation 1 covers all these 
tests and hence probably all thin-walled 
cylinders, and possibly all thin-walled 
structures of any kind, sufficiently well 
for practical purposes. If n is taken as 3 
as was done in plotting the solid curve 
in Fig. 4, the deviation between the 
empirical law and the experimental re­
sults is not large compared to the gen­
eral scatter of the points for any of the 
types of cylinders tested. I t  therefore 
seems safe to say that designers can use the relation given by 
Equation 1 with n equal to 3 for designing cylinders, with con­
siderable confidence until better information is available.
Obviously this is only a small part of the research which should 
be done in this connection. I t  is planned to continue this work 
at the California Institute of Technology and it is hoped that this 
paper will stimulate other research organizations to enter this 
field. Some tests have already been started here on long square 
tubes under axial load and torsion. These give approximately 
the condition of flat hinged-edge panels under normal and shear 
stresses. The initial results are similar to those previously de­
scribed. As already stated, there has been little investigation in 
this field up to the present time and it is felt that further work 
will result in information of great value to designers of stressed 
skin structures.
All of the tests were made on small-scale models of steel and 
brass “shim stock.” They were made by a technique and tested 
on special testing machines developed by Dr. L. H. Donnell. 
These have been described by him in a previous paper5 and 
the Fig. numbers mentioned in the following paragraph refer to 
Dr. Donnell’s paper.
s N.A.C.A. Report No. 479.
He indicates that the results from such small-scale tests com­
pare quite favorably with tests on a larger scale but it is neces­
sary to use great care in selecting stock and in making the speci­
mens, in order to reduce experimental scatter to a minimum. 
In spite of this care it is impossible to avoid considerable scatter, 
especially when the load is mainly compression. Much of this 
is due probably to the fact that it is impossible to obtain such 
thin stock entirely without initial waviness.
The thickness of the sheet was measured in the thickness 
tester shown in Fig. 14(a).6 The modulus of elasticity, E , was 
obtained with the special testing machine and tensometer shown 
in Fig. 15(a).6 The proportional limit stress was found at 
the same time, for purposes of record. The sheets were rolled 
around rods of the proper diameter to give them the correct cur­
vature. They were then wrapped around a wooden roll, of the 
diameter of the finished cylinder, which had previously been 
oiled to permit removal of the cylinder after soldering. The 
sheet was held against the roll with a metal strap, while a special 
clamp was used to prevent the edges from warping under the 
heat of soldering. The edges were soldered with about Vs-in. 
overlap. I t  has been found that buckling waves seem to form 
across the joints as freely as elsewhere, so the effect of the double 
thickness at the joint is probably very small. After removal, 
the cylinders were soldered at each end to rings which fitted 
inside them, and the cylinder and ring were soldered to heavy 
base plates with which they were mounted in the testing machine. 
The shortening of the effective length of the cylinders due to 
the rings is allowed for in the following table. The cylinders
T A B L E  1 P R O P E R T IE S  O F  C Y L IN D E R S  IN  S E R IE S  T E S T E D
Series M at. L ength D iam . T hick . E  X 1 0 " 6 <rP X 10“ * n
A steel 5 .315 1.88 0.00204 3 1 .4 57 .7 1.992B brass 5 .315 1.88 0 .0032 16 .5 2 7 .0 4 .2 5C steel 5 .315 3 .7 5 0 .00295 3 0 .6 4 8 .6 2 .625D steel 11.315 1.88 0.00204 27.06 5 3 .3 2 .156E steel 5 .315 1.88 0 .00295 3 0 .6 48 .6 1.0F steel 1 .32 3 .7 5 0 .00204 3 1 .4 5 7 .7 2 .78LG steel 5 .315 1.88 0 .00395 29 .6 3 6 .0 3 .3 3
F i g . 5  R e s u l t s  S h o w n  i n  F i g . 4  P l o t t e d  a s  I n d i v id u a l  S e r i e s  o n  L o g a r it h m ic
C o o r d in a t e s
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F ig .  6  T y p ic a l  S p e c i m e n ,  “ G ”  S e r i e s F i g . 7  C o m p r e s s i o n - T o r s io n  B u c k l in g , “ A ”  S e r i e s
F i g . 8  A x ia l  C o m p r e s s i o n  B u c k l in g , “ C ”  S e r i e s F i g . 9  C o m p r e s s i o n - T o r s i o n  B u c k l i n g ,  “ D "  S e r i e s
F i g . 10  C o m p r e s s i o n - T o r s io n  B u c k l in g , “ F ”  S e r i e s F i g . 11 T e n s i o n - T o r s io n  B u c k l in g , “ G ”  S e r i e s
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F i q . 12  “ G ” -S e r i e s  C y l in d e r s  A f t e r  T e s t
were tested in the special testing machine shown in Fig. 6(a).6 
This testing machine is capable of testing specimens in any com­
bination of torsion, bending, and axial compression or tension.
Figs. 6 to 10, inclusive, of the present paper show typical failures 
under combined compression and torsion, while Fig. 11 shows a 
typical failure under combined tension and torsion with the
shapes and sizes. They are, however, usually made up of sheet 
material, formed into a great variety of shapes. They are, ac­
cordingly, subject to local wrinkling or buckling of the sheet 
under load.6 Stiffeners of such shapes are ordinarily constructed 
and installed in lengths which are large in comparison to the cross- 
section, so that the sections are also liable to failure as long slen-
T A B L E  2 E X P E R IM E N T A L  R E S U L T S  U S E D  IN  P L O T T IN G  C U R V E S
<r lb 0 20 40 60 80 100 Series A  120 170 172 230 192 218 231r  lb  in. 55 52 49 47 40 39 36 30 20 10 0 0 0
a lb 20 45 90 110 120 150
Series B  
175 190 230 250r  lb in. 70 64 50 64 48 60 56 54 30 0
a lb 0 0 50 100 150 155 Series C 170 200 200 220 230 250 279 287 287r  lb  in. 217 240 226 178 180 174 210 210 126 96 70 100 72 0 0
a lb 0 40 97 100 100 120 Series D  125 130 140 150 151r  lb in. 36 34 23 12 16 24 0 0 0 11 10
a lb 0 0 100 100 200 200 Series E  200 300 300 420 430 455 470 490 520r  lb  in. 106 110 96 100 68 78 90 64 68 20 20 10 10 0 0
a lb r  lb in. 0160 25170 50128 75130 10096 1320
Series F
<7 lb — 980 — 800 — 800 —700 — 600 — 600
Series Gl 
— 500 — 500 — 400 —400 - 3 0 0 — 300 —200 — 200 —  110r  lb  in. 0 166 200 220 248 224 220 234 215 218 222 210 204 210 206
G lb — 100 — 100 0 0 0 0 100 100 200 200 300 380 400 500 500r  lb in. 206 216 178 196 186 184 172 180 166 174 144 150 124 0 75
<7 lb  
t  l b  in. 500132 500140 540100 59540 6130 6100 6600
1 M inus values for a ind ica te  tension.
tension cage attached. Fig. 12 shows the cylinders of Series G 
after testing. Table 1 shows the properties of the cylinders in 
each of the series tested. The values given for n are the slopes 
of the straight lines in the logarithmic plots, Figs. 3 and 5(a to /)  
previously discussed.
Table 2 shows the ultimate axial loads a, and torsion moments 
r, for each of the cylinders tested. The values used for cr0 and 
t o ,  in plotting Figs. 2 to 5, were the averages of the values of a 
and r found in the pure compression and pure torsion tests. The 
values chosen for o0 and t o  have considerable influence on the 
value found for n and it is probable that part of the variation in 
the values of n, found for different types of cylinders, is due to the 
inaccuracy of these values. In conducting this type of research 
it is important to make numerous pure compression and pure 
torsion tests (especially pure compression, because the scatter 
is much worse here than for torsion), in order to get a good aver­
age value for <ro and t o .  In future research it is planned to make 
even more of such tests than have been made.
I I —IN V E ST IG A T IO N  O F IN D E P E N D E N C E  O F D IF F E R E N T  
T Y PE S OF B U C K L IN G  IN  L -SEC T IO N  STR U T S
The stiffener shapes used in monocoque, or for that matter 
any other kind of aeronautical construction, are of many different
der columns, that is as so-called “Euler columns.” The stiffener 
thus has the possibility of buckling in two entirely different 
manners: (1) as a Euler column, or (2) from local instability 
of the sheet of which it is composed. The question then arises 
as to whether these different types of buckling can be considered 
entirely independently of each other or if there is a transition 
stage between them in which a combination buckling can take 
place at a lower loading than for either alone. I t  was to find an 
answer to this question, both for this case and for other cases of 
structures which can buckle in two or more independent ways, 
that this investigation was undertaken.
The tests were made with struts of equal-leg “L” section, 
identical except for the widths of the sides. When the widths 
are small compared to the length such struts buckle as Euler 
columns, but for wide widths buckling of the sides occurs first.
The greatest importance is attached to an accurate knowledge 
of the end fixity for column buckling and of the edge fixity for 
sheet buckling. This type of specimen allowed all these condi­
tions to be determined accurately. A column of this shape may 
be considered to be made up of two flat plates hinged along their
6 This type of buckling was considered by G. W. T rayer and H. W. 
M arch in  N .A.C.A. Technical R ep o rt 382.
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common edges with the other edges free, since they can obviously 
buckle in such a way that the angle between the sides a t the cor­
ner will remain the same, and thus there will be no moments at 
these edges.7 To obtain definite end conditions for the flat 
plate buckling, each side of the angle section was chamfered 
along its complete width at the ends to an angle of 60 degrees 
(see Fig. 13) insuring hinged edge conditions. The end blocks 
for supporting the specimen each had two 120 degree “V” grooves 
cut on one surface, the grooves intersecting at an angle of 90
This theory has been checked very closely by von Kdrman9 who 
originated the general method of varying end conditions to counter­
act initial crookedness which was used in these experiments.
For wide widths the sides buckle as flat plates. This type of 
failure has been neglected to a certain extent by engineers, as it 
is of more or less infrequent occurrence in general construction, 
where the plates used are usually thick in comparison to length 
and width. The stability of rectangular thin flat sheets under 
compression has been analyzed by Bryan for plates hinged on 
all four sides and by Timoshenko10 for other cases. The general 
expression for the uniformly distributed stress on the ends which 
will cause buckling of the plate is7
where
t =  thickness of the plate 
w =  width of the plate
k = a constant, depending upon the ratio of the length 
to the width and upon the edge conditions.
Values of k for use with the above formula can be obtained from 
Fig. 7 of reference 7. In our case, sheets hinged on three sides
F i g . 13  E n d  B l o c k s  S h o w i n g  S e a t  G r o o v e  a n d  A d j u s t m e n t s
degrees, to receive the ends of the specimens. In order to obtain 
definite end conditions for Euler buckling, a 5/s-in. hardened- 
steel ball was inserted in these end blocks, making the struts 
“ball ended” columns, hinged, in effect, about the center of the 
balls. The struts were thus free to buckle in any direction but 
of course actually buckled about the axis of minimum moment 
of inertia of the section (perpendicular to the axis of sym­
metry).
As stated above, for small widths the struts buckle as Euler 
columns. The theory for this type of buckling is well known. 
I t  was developed by considering the bending of a column under 
compression as a whole and consequently does not take into ac­
count the possibility of plate buckling nor stresses above the 
yield point of the material. The equation expressing Euler’s 
theory for hinged end columns is8
where <re = critical buckling stress
E  = modulus of elasticity of the material
I — length of column
r = radius of gyration of the cross-section of column.
7 L. H . Donnell, “ The Problem  of E lastic S tab ility ,” A .S.M .E. 
T rans., (1933), AER-55-19a.
8 J. E . Boyd, “ S trength  of M aterials,” M cGraw-Hill Book Co., p. 
236.
Fio. 14  T h e o r e t ic a l  E u l e r  a n d  P l a t e  B u c k l in g  C u r v e s  C o m ­
p a r e d  t o  E x p e r i m e n t a l  R e s u l t s
and free on the fourth, k, for the proportions used in the tests is 
practically independent of the length-width ratio and equals 0.4.
If all dimensions except the width are fixed, these two theories, 
for Euler and flat plate buckling give two relations between <rc 
and the width. These relations have been plotted in Fig. 14. 
I t  will be seen that the two curves form an inverted “V.” Ob-
8 T h. von Kdrm£n, “ M itteilungen liber Forschungsarbeiten,” 
Verein deutscher Ingenieure, Berlin, 1909.
10 S. Timoshenko, “S trength  of M aterials,” John Wiley & S ons, 
New York, p a rt II , p. 004.
APPLIED MECHANICS APM-56-6 575
viously for widths up to the intersection of the two curves, the 
strut should theoretically fail as a Euler column, while for wider 
widths the strut should fail by buckling of the sides. The weight- 
strength ratio is, of course, proportional to vc and this figure 
shows that the maximum weight-strength ratio for this case is 
obtained for a width of 0.77 in. while for widths above or below 
this the ratio drops off greatly.
Nineteen satisfactory specimens were finally obtained, identi­
cal except for width, and all as free from initial eccentricities as 
is believed possible without an expenditure greatly out of propor­
tion to the benefits to be obtained by the added refinement.
General experience is that in any buckling experiments it is 
impossible to make specimens sufficiently accurate to eliminate 
eccentricities entirely, and accordingly special precautions were 
taken to provide a means of eliminating initial eccentricities for 
Euler buckling. This was done by providing an adjustment in 
the end blocks whereby the ball could be moved relative to the 
axis about which buckling takes place. The horizontal relation 
between the center of the ball and the specimen could be varied 
along the axis of the greatest moment of inertia of the specimen 
so that the effect of initial eccentricities could be removed (see 
“Method of Testing” of this section for a more complete de­
scription of the apparatus). In this way very sharp buckling
F i o .  15  ' C r it ic a l  L o a d s  a t  W h ic h  P l a t e  B u c k l in g  O c c u r r e d  
i n  T e s t s
was obtained for Euler columns, as will be seen from Fig. 14. 
With these methods of construction the conditions of fixity then 
became known: For each plate-hinged at one side and at both 
ends; for the specimen as a Euler column-hinged at both ends. 
The specimens were made of such proportions that the buckling 
stresses were always far below the yield point of the material 
thereby eliminating any question of the failure of the material.
The effect of initial eccentricities upon the flat plate buckling 
was compensated for by use of a method developed by South­
well.11 This is a mathematical method of finding the probable 
buckling strength, which a structure would have if it had no ini­
tial eccentricities, from measurements of small deflections. 
I t is based upon the fact that in this region the load deflection 
curve approximates a rectangular hyperbola having the axis of 
zero deflection as one asymptote and the theoretical load de­
flection curve for no initial eccentricities as the other asymptote. 
(See “Method of Testing” of this section for a more complete 
description of the manner of use of this method.)
F i g .  16  S t r a i g h t  L i n e  O b t a i n e d  F r o m  S/P -S  R e l a t i o n s h i p
Plates supported on three sides and free on the fourth buckle 
in one half wave in the lengthwise direction. In our case this 
amounted to a twisting of the middle portion of the strut about a 
longitudinal axis which was readily measured by the use of long 
light metal pointers attached to the sides of the specimen.
Fig. 15 shows the critical loads for the cases in which plate 
buckling occurred as recorded from the tests without the use of 
Southwell’s method. I t will be seen that the experimental scat­
ter was quite large and most of the points are above the theo­
retical curve. Several reasons can be advanced for this. In 
these cases, when the ultimate buckling strength was obtained, 
the deflections were very large. The theory is based on the as­
sumption of very small deflections and it is possible that a theory 
of large deflections would show greater values. But a more 
probable explanation of this discrepancy is that when the de­
flections became large it was no longer possible to keep the stress 
distribution uniform along the width of the sides.
By concentrating the stress at or near the corner of the angle 
of the specimen, the load can be carried far above the theoretical 
load for uniform stress distribution, due to the fact that the 
hinged edge is very much more stable than the free edge. By 
using Southwell’s method based on deflection readings taken 
when the deflections were still small, experimental results are 
obtained which can justly be compared to the theory based on
11 R. V. Southwell, “ On th e  Analysis of Experim ental Observa­
tions in  Problem s of E lastic S tab ility ,” Proc. Roy. Soc., A, vol. 135, 
1932.
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no initial curvatures and uniform stress distribution. The ulti­
mate buckling loads without the use of Southwell’s method were 
not critical and were largely a matter of judgment, it being pos­
sible to run the load up almost indefinitely if the end blocks were 
adjusted purposely to shift the stress toward the comers of the 
angle. Fig. 14 shows the critical buckling load of the specimens 
computed by Southwell’s method from the last set of data re­
ferred to above. The scatter is greatly diminished and all points 
fall on or very close to the theoretical curve. The authors place 
great deal more confidence in this method of obtaining the
of the theoretical curves. The authors believe, however, that 
the apparent fillet may be merely a coincidence due to the experi­
mental scatter and the difficulty of overcoming initial eccen­
tricity, and hence obtaining a clear-cut type of failure in this 
region. I t  is believed to be established that any relation which 
does exist between Euler and flat plate buckling has a very small 
effect and exists only in the immediate vicinity of the inter­
section of the two theoretical curves for the two types of buckling.
I t  is felt that the results of this test establish the optimum 
dimensions for such a shape and that the engineer can design 
with confidence to the stress indicated by the intersection of the 
two curves provided a reasonable factor of safety is included.
M ethod of Testing
The tests were made on a Riehle Brothers testing machine of 
3000 pounds load capacity. The machine was of the tension 
type, converted for compression tests by means of the cage shown
F i g . ^ 1 7  T y p ic a l  S t r u t  i n  T e s t i n g  M a c h i n e , S h o w i n g  E u l e r  
T y p e  F a i l u r e
F i g .  18 V i e w  o f  S p e c im e n  i n  M a c h i n e ,  S h o w i n g  C a r r i a g e  Am> 
S c a l e s  f o r  R e a d i n g  L a t e r a l  D e f l e c t i o n s
critical buckling stress than in relying simply on judgment, where 
it is probable that no two persons would agree exactly.
I t is believed that the discrepancies occurring between the 
theoretical curve and the points obtained experimentally are well 
within the limits of experimental accuracy and that the results 
obtained therefore check the theory for Euler and flat plate 
buckling under the existing conditions.
I t  would appear from Fig. 14 that a very small fillet may exist 
in the experimental points near the apex of the inverted “V”
F i g . 19  G e n e r a l  V i e w  o f  A p p a r a t u s  S h o w in g  O n e  T y p e  o f  
F l a t  P l a t e  B u c k l in g
in the accompanying photographs of the apparatus, Figs. 17, 18, 
and 19.
The specimens tested were all 22 in. in length and the width 
of the sides varied from 0.405 in. to 2.025 in. They were made of 
24SRT aluminum alloy of 0.025 in. thickness, as this material 
and gage is being used to a large extent by the aircraft industry 
on the West Coast. The width of the side was taken as the 
overall width minus half the thickness of the sheet.
These specimens were made in an ordinary hand brake. I t 
was necessary to adjust the brake for each width of specimen to 
get a bend of exactly 90 deg and a uniform radius at the corner. 
This radius was made as small as the material would stand, about 
Vu in. The narrower specimens were liable to come out with 
considerable initial curvature, due to deflection of the brake, 
the peening of the material along the sheared edges, etc. It
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was found possible to eliminate most of this by properly padding 
the brake with strips of paper.
Tests by the Bureau of Standards for the National Advisory 
Committee for Aeronautics on duralumin sheet12 show a marked 
difference in the stress-strain curve taken normal or parallel to 
the direction of rolling. The authors felt that due to the shape 
of the sheet found in commercial practise, most long angle shapes 
would be made with the angle parallel to the direction of rolling, 
and consequently the specimens were made in this manner.
Specially constructed end blocks, identical for both ends of 
specimen, definitely established the desired end conditions. A 
sketch of the end block is shown in Fig. 13. The block A  was 
machined on the upper side with 120 degree “V” grooves which 
made an angle of exactly 90 deg with each other. These grooves 
received the ends of the specimens which had been filed to an 
angle of 60 deg. In filing the ends great care was taken not to 
file away any of the center line.
A key and keyway between A  and B allowed a movement of 
A, and hence the end of the specimen, relative to E, the point of 
application of the load. This movement could be made under 
load by means of the wing nuts C. The motion between A  and B  
was such that E  always moved along the axis of symmetry of 
the specimen. This insured an equal stress distribution on each 
leg and left the specimen free to buckle as a Euler column about 
the axis of least moment of inertia, which is perpendicular to the 
axis of symmetry.
To detect Euler failure of the specimen, an Ames dial gage 
was used, with counterbalancing spring removed. A small metal 
strip was attached to the gage point, which made point con­
tact with the back of the angle a t the middle of the length of the 
specimen. The gage was also mounted with the slide making 
point contact at the inside of the angle and results were the same 
as for the previous position. Both methods of attachment are 
shown in the accompanying photographs of the apparatus. 
The authors feel that in either position some slight rigidity was 
given to the specimen but that the results were not sufficiently 
in error to warrant setting up an optical system for this measure­
ment.
To detect flat plate buckling, thin metal strips about ten 
inches long were attached to the free edges with paper clips as 
shown in Figs. 18 and 19. These pointers magnified the move­
ment of the free edges.
For each test, the end blocks were set so that the axis of the 
least moment of inertia of the specimen was in a vertical plane 
with the point of contact of the ball, D, and the base plates of 
the cage. The specimen and end blocks were then mounted in 
the testing machine, a light load applied, and the measuring de­
vices, Ames gage and pointers, were put in place. Both mea­
suring devices were read as small increments of load were applied. 
Due to initial eccentricities or curvatures, it was found that the 
Ames gage would show a deflection of the column at compara­
tively low loads. By adjusting the wing nuts, C, so as to remove 
the apparent eccentricity a greater load could be applied without 
obtaining a deflection. This was repeated until finally the col­
umn would not stand a greater load without buckling. The 
loads at which Euler buckling occurred were for the most part 
very critical as the dial gage remained perfectly steady and 
then for one pound increase in load would show a very large de­
flection. The pointers, indicating plate buckling, remained 
practically steady during the test of a specimen which failed as 
a Euler column.
Where wider widths were used and flat plate buckling occurred 
before Euler buckling, the actual measured results were not so
11 E. E. Lundquist, “The Compressive Strength of Duralumin Columns of Equal Angle Section,” N.A.C.A. Technical Note 413, 1932.
significant, as there was no definite point at which this buckling 
occurred, due to initial eccentricities. Ranges were found for 
each specimen where, with the proper end adjustment, there was
TABLE 3 TYPICAL DATA TAKEN FOR DETERMINATION OF CRITICAL LOAD BY SOUTHWELL’S METHOD
Specimen No. 17
Specimen No. 12
Specimen No. 11
Specimen No. 1
Load Deflection 8/PP d
67 070 0 .2 0.0028672 0.5 0.0069574 0.7 0.009476 1.0 0.0131578 1.3 0.016780 1.8 0.022582 2.4 0.0293184 3.0 0.0357
0 0 062 0 .2 0.0032364 0.3 0.004766 0.3 0.0045568 0 .4 0.0058870 0.4 0.0057172 0.4 0.0055574 0 .5 0.0067576 0.5 0.0065878 0.6 0.007780 0.7 0.0087582 0 .8 0.0097584 0.9 0.0107286 1.0 0.0116588 1.1 0.012590 1.2 0.0133592 1.5 0.016394 1.8 0.019296 2.5 0.026193 6.5 0.0664
80 0 085 0 095 0.5 0.00577100 1.0 0.0100105 2 .0 0.01905110 5 .0 0.0455111 6.0 0.0541112 8.5 0.0758
f 90 0.1 0.0011195 0.12 0.001264100 0.13 0.0013105 0.14 0.001333110 0.17 0.001545115 0.22 0.001913118 0.25 0.0021264.5 0.2 0.003174 0.6 0.0081283 1.0 0.012190 1.4 0.015795.5 1.8 0.0189100.5 2.2 0.022104.3 2.6 0.0249108.5 3 .0 0.0277111.5 3.4 0.0305113.7 3 .8 0.0334
no Euler deflection, but where the edges showed considerable 
deflection with increase in load. These deflections were mea­
sured by the pointers and were used to compute the critical load 
by Southwell’s method.
ecimenNo.
SPECIMEN
Load.P Width <7C
1 147.3 1.0255 28752 102 0.6475 31453 65 2.0255 6414 148 0.767 38605 73 0.6000 24356 52 0.545 19077 130 0.7175 36208 159 0.8455 37609 138.1 0.9735 284010 129.5 1.0355 250011 113.2 1.1595 195512 104.5 1.2855 162513 83.8 1.5385 109014 23 0.4050 113515 112 1.0825 207516 111.6 1.2215 182817 89.5 1.4005 128018 75 1.7705 84719 156 0.8041 3880
The use of this method consisted first of tabulating the de­
flections, S, against the loads, P , which caused them, and 
from this tabulation obtaining o/P. Then S was plotted against
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S/P on ordinary cross-section paper and the slope of a straight 
line faired through the points so obtained was measured. 
Southwell proves that this slope is equal to the critical load at 
which buckling would theoretically take place if there were no 
initial curvatures or eccentricities. Table 3 gives the values for 
5 and P  obtained for five typical runs. For specimen No. 9 the 
method was applied with two sets of deflections, one covering a 
range of loadings from 60 to 120 pounds and the other from 120 
to 136 pounds; the resulting P  from each was very nearly the 
same. Fig. 16 shows the method of plotting these values for 
specimen No. 12, which was typical for all of them. Table 4 
shows the load, width, and ac for each specimen.
D iscussion
A. V. K a r p o v . 13 The advantages of monocoque aeroplane 
constructions created a considerable demand for data that could 
be directly applied in the design. The stability of such struc­
tures, as a whole, and of the individual members are the limiting 
factors that are of particular interest to designers. Recently a 
considerable amount of experimental work was done and data 
collected, which can be and is applied to solve a number of press­
ing design problems in connection with such structures.
So far as the development of theories underlying such designs 
are concerned, a very opportunistic point of view is generally 
taken.
If the developed theory does not directly contradict the re­
sults of tests, it is considered satisfactory. Stating it frankly, 
none of the stability theories developed in connection with 
monocoque designs is satisfactory and these theories can be 
considered as rough approximations only.
The paper is a valuable addition to the available experimental 
data but so far as the theory is concerned no addition is made 
to our present and very insufficient knowledge.
It would seem that the main efforts should be directed toward 
development of a more satisfactory theory. That, in all proba­
bility, could be done by developing a line of attack that is radi­
cally different from the ones used in the past.
The development of such a theory would make possible a better 
correlation of data of the numerous tests and provide a more 
scientific basis for future designs.
E. E. L u n d q u is t . 14 The authors are to be congratulated upon 
their paper and the timely contribution to the knowledge of the 
strength of thin-metal structures. However, there is one point 
raised in the paper that ought to be amplified somewhat.
Toward the close of section I the authors make the following 
statements: “The values chosen for <r0 and r0 have considerable 
influence on the value found for », and it is probable that part of 
the variation in the values of n, found for different types of cyl­
inders, is due to the inaccuracy of these values. In making this 
type of research it is important to make numerous pure com­
pression and pure torsion tests (especially pure compression, be­
cause the scatter is much worse here than for torsion), in order 
to get a good average value for a0 and t 0.”
From this quotation it will be noted that n probably varies 
with the imperfections of the cylinders as these imperfections 
affect oo and r0 as well as a and t .  I t  therefore seems desirable 
to discuss the probable effects of imperfections upon the value of
In the course of an extensive series of tests on thin-walled 
cylinders made by the National Advisory Committee for Aero­
nautics at Langley Field, Virginia, it wTas found that the acci-
13 Designing Engineer, Aluminum  C om pany of America, P itts ­
burgh, Pa.
11 Junior Civil Engineer, Langley Field, Va.
dental imperfections that occur in the cylinders do not affect 
greatly the strength in torsion, t 0 .  This fact has also been con­
firmed by tests made at the California Institute of Technology 
and elsewhere.16’16
In these same tests at Langley Field it was found that the im­
perfections caused a very wide scattering of the strength in com­
pression, ao. This fact was also confirmed by tests made at the 
California Institute of Technology, the University of Illinois, and 
abroad.17
For the purpose of discussion let us assume that it is possible 
to construct and test perfect cylinders of identical dimensions. 
For these cylinders let us plot as abscissa the strength in torsion 
and as ordinate the strength in compression. Suppose, further, 
that it is found that the strength in combined compression and 
torsion is given by curve a in Fig. 20. Actually, it might be 
found that the true curve would be more like a ' in Fig. 21, but for 
the purpose of discussion it is immaterial wThich curve is assumed.
Now, suppose that it is possible to control the imperfections. 
For a given degree of imperfection it is not likely that the new 
experimental curve would depart greatly from curve a near the 
torsion axis, but it is likely that the new curve will depart greatly 
from curve a near the compression axis. For a given degree of 
imperfection, we might, therefore, find the strength to be given 
by curve b, c, or d. Thus, such a Fig. as 20 or 21 shows clearly 
howr imperfections affect the strength of cylinders in combined 
compression and torsion.
Now, plotting <r/a0 against t / t 0 ,  for the curves of Figs. 20 and 
21 (the method used by the authors of the paper), Figs. 22 and 23 
are obtained. I t will be noted from reference to Figs. 22 and 23 
that curves a, b, c, and d are reversed in order as compared to the 
corresponding curves in Figs. 20 and 21. If the authors’ Equation 
[1] is presented in curve form with different values of n, Fig. 24 
is obtained. In this figure it will be noted that the curves for the 
higher values of n correspond to the curves in the preceding 
figures for the imperfect cylinders. Thus, when a particular 
value of n is recommended for use with Equation [1] the corre­
sponding value of oo should be given. The value of 3 for n is 
probably a good average value for cylinders with the usual im­
perfections. However, with n equal to 3, should not exceed 
the values obtained by the authors for the various radius-thick- 
ness ratios tested.
16 E . E . Lundquist, “S trength  T ests on Thin-W alled Duralum in 
Cylinders in Torsion,” N.A.C.A., 1932, T .N . No. 427.
16 L. H . Donnell, “S tability  of Thin-W alled Tubes U nder T or­
sion,” N.A.C.A., 1933, T .R . No. 479.
17 E . E. Lundquist, “S trength  Tests of Thin-W alled Duralum in 
Cylinders in  Compression,” N.A.C.A., 1933, T .R . No. 4T3.
